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THE CONTINUITY EQUATION OF THE GAUDUCHON METRICS
TAO ZHENG
Abstract. We study the continuity equation of the Gauduchon metrics and establish its interval
of maximal existence, which extends the continuity equation of the Ka¨hler metrics introduced
by La Nave & Tian for and of the Hermitian metrics introduced by Sherman & Weinkove. Our
method is based on the solution to the Gauduchon conjecture by Sze´kelyhidi, Tosatti & Weinkove.
1. Introduction
Let (M,J, g0) be a closed (i.e., compact without boundary) Hermitian manifold with dimCM = n
and the complex structure J , where g0 is the Hermitian metric, i.e., a Riemannian metric with
g0(JX, JY ) = g0(X,Y ) for all vector fields X, Y ∈ X(M) (set of all the global and smooth vector
fields). Then we can define a real (1, 1) form ω0 by
ω0(X,Y ) := g0(JX, Y ), ∀ X, Y ∈ X(M).
This form ω is determined uniquely by g and vice versa. In what follows, we will not distinguish
these two terms and we will not emphasize the complex structure J .
The Hermitian metric ω0 is called Ka¨hler if dω0 = 0, Astheno-Ka¨hler (see [17, 18]) if ∂∂¯ω
n−2
0 = 0,
balanced (see [27]) if dωn−10 = 0, Gauduchon (see [11]) if ∂∂¯ω
n−1
0 = 0, and strongly Gauduchon
(see [29]) if ∂¯ωn−10 is ∂-exact.
La Nave & Tian [20] (cf. [30]) investigate a family of Ka¨hler metrics ω := ω(s) satisfying the
continuity equation
(1.1) ω = ω0 − sRic(ω), for s ≥ 0,
where Ric(ω) = −√−1∂∂¯ log det(gij¯) is the Ricci form of the Ka¨hler metric ω =
√−1gij¯dzi ∧ dz¯j
which is a real (1, 1) form. This continuity equation can be viewed as an alternative to the
Ka¨hler-Ricci flow in carrying out the Song-Tian analytic minimal model program [32, 33]. The
Ricci curvature along the path is automatically bounded from below. This fact leads to several
developments [10, 21, 25, 48, 46, 47].
Sherman &Weinkove [31] extend the continuity equation in [20] to Hermitian metrics and establish
its interval of maximal existence and they also illustrate the behavior of this equation in the case
of elliptic bundles over a curve of genus at least two. This equation is closely related to the
Chern-Ricci flow first introduced by [14] and studied deeply by Tosatti and Weinkove (and Yang)
[39, 38, 43] (see also [8, 15, 16, 22, 23, 28, 36, 45, 49]).
Li & Zheng [24] study the continuity equation of a family of almost Hermitian metrics and
establish its interval of maximal existence. This continuity equation is closely related to the
almost Chern-Ricci flow introduced by Chu, Tosatti & Weinkove [4] and furthermore studied by
[3, 50].
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In this paper we investigate a natural analogue of (1.1) for the Gauduchon metrics, i.e., the
continuity equation given by
(1.2) ωn−1 := ωn−10 − s(n− 1)
(
Ric(ω) ∧ αn−2 −ℜ
(√−1∂ log ωn
αn
∧ ∂¯(αn−2)
))
> 0, for s ≥ 0,
where α is the Gauduchon metric and Ric(ω) is the Chern-Ricci form of ω given by (2.10) which
coincides exactly with the Ricci form of ω when dω = 0. If ω0 is the Gauduchon metric, then so
is ω given by (1.2).
When n = 2, the continuity equation (1.2) is the same as the one in Sherman & Weinkove [31] in
the Hermitian case and the one in La Nave & Tian [20] in the Ka¨hler case.
Theorem 1.1. Let (M,ω0) be a closed Hermitian manifold with dimCM = n and ω0 a Hermitian
metric. Then there exists a unique family of Hermitian metrics ω = ω(s) satisfying (1.2) for each
s ∈ [0, T ), where T is defined by
T := sup
{
s ≥ 0 : ∃ ϕ ∈ C∞(M, R) such that
Φs +
√−1∂∂¯ϕ ∧ αn−2 +Re [√−1∂ϕ ∧ ∂¯(αn−2)] > 0},
with
Φs := ω
n−1
0 − s(n− 1)
(
Ric(ω0) ∧ αn−2 −ℜ
(√−1∂ log ωn0
αn
∧ ∂¯(αn−2)
))
.
When n = 2, Theorem 1.1 is proved by Sherman & Weinkove [31] in the Hermitian case and by
La Nave & Tian [20] in the Ka¨hler case.
The outline of the paper is as follows. In Section 2 we establish preliminaries about Hermitian
geometry for later use. In Section 3 we prove Theorems 1.1.
Acknowledgements The author thanks Professor Jean-Pierre Demailly, Valentino Tosatti and
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2. Preliminaries
In this section, we collect some basic materials about Hermitian geometry (see for example [39,
51]). Let (M,J, g) be a Hermitian manifold with dimCM = n, where J is a complex structure
and g is the Hermitian metric respect to J , i.e., a Riemannian metric with g(JX, JY ) = g(X,Y )
for any vector fields X, Y ∈ X(M). Then can define a real (1, 1) form ω by
ω(X,Y ) := g(JX, Y ), ∀ X, Y ∈ X(M).
This form is determined uniquely by g and vice versa. The Chern connection of g, denoted by ∇,
is the unique connection determined by ∇g = ∇J = 0. The torsion of ∇ is defined by
T (X,Y ) := ∇XY −∇YX − [X,Y ].
The curvature of ∇ is defined by
(2.1) R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
with
R(X,Y,Z,W ) := g(R(X,Y )Z,W ), ∀W,X, Y,Z ∈ X(M).
The Chern-Ricci curvature Ric is defined by
Ric(X,Y ) := trace of the map Z 7→ R(X,Y )Z.
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Then in the real local coordinate x = (x1, · · · , x2n) with
J
(
∂/∂xi
)
= ∂/∂xn+i, J
(
∂/∂xn+i
)
= −∂/∂xi, i = 1, · · · , n,
we have
gij = gn+i,n+j, gi,n+j = −gn+i,j, gαβ = gβα, i, j = 1, · · · , n, α, β = 1, · · · , 2n,
where gαβ = g
(
∂/∂xα, ∂/∂xβ
)
. Hence the complex local coordinate is given by
z = (z1, · · · , zn) = (x1 +√−1xn+1, · · · , xn +√−1x2n).
We use the notation ∂i = ∂/∂z
i, ∂j = ∂/∂z
j , i, j = 1, · · · , n. One can infer that
g =
n∑
i,j=1
gij
(
dzi ⊗ dzj + dzj ⊗ dzi) ,
ω =
√−1
n∑
i,j=1
gijdz
i ∧ dzj ,(2.2)
where gij =
1
2
(
gi,j +
√−1gi,n+j
)
.
For each (p, q) form
φ =
1
p!q!
φi1···ipj1···jqdz
i1 ∧ · · · ∧ dzip ∧ dzj1 ∧ · · · ∧ dzjq ,
the Hodge star operator ∗ with respect to the volume form ωn
n! is given by (see for example [26])
∗φ =(
√−1)n(−1)np+n(n−1)2 det g
(n− p)!(n− q)!p!q! φi1···ipj1···jqg
ℓ1i1 · · · gℓpipgj1k1 · · · gjqkq(2.3)
δ1······nℓ1···ℓpb1···bn−pδ
1······n
k1···kqa1···an−q
dza1 ∧ · · · ∧ dzan−q ∧ dzb1 ∧ · · · ∧ dzbn−p .
A direct calculation yields that
∗1 = ω
n
n!
, ∗φ = ∗φ,
where the second equality shows that ∗ is a real operator.
It follows from (2.3) that
(2.4) ∗ ∗φ = (−1)p+qφ.
Let us recall the concepts of positivity in for example [5, Chapter III].
A (p, p) form ϕ is said to be positive if for any (1, 0) forms γj , 1 ≤ j ≤ n− p, then
ϕ ∧√−1γ1 ∧ γ1 ∧ · · · ∧
√−1γn−p ∧ γn−p
is a positive (n, n) form. Any positive (p, p) form ϕ is real, i.e., ϕ = ϕ. In particular, a real (1, 1)
form given by
φ =
√−1φijdzi ∧ dzj(2.5)
is positive if and only if (φij) is a semi-positive Hermitian matrix and we denote detφ := det(φij).
A real (n− 1, n− 1) form given by
ψ =(
√−1)n−1
n∑
i,j=1
(−1)n(n+1)2 +i+j+1ψji(2.6)
dz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn
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is positive if and only if (ψji) is a semi-positive Hermitian matrix and we denote detψ := det(ψji).
We remark that one can call a real (1, 1) form φ ( resp. a real (n − 1, n − 1) form ψ) strictly
positive if the Hermitian matrix (φij) (resp. (ψ
ji)) is positive definite.
For a strictly positive (1, 1) form φ defined as in (2.5), we can deduce a strictly positive (n−1, n−1)
form
φn−1
(n− 1)! =(
√−1)n−1
n∑
k,ℓ=1
(−1)n(n+1)2 +k+ℓ+1det(φij)φ˜ℓk(2.7)
dz1 ∧ · · · ∧ d̂zk ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ d̂zℓ ∧ · · · ∧ · · · ∧ dzn
where (φ˜ℓk) is the inverse matrix of (φij), i.e.,
n∑
ℓ=1
φ˜ℓjφkℓ = δ
j
k. Hence we have
det
(
φn−1
(n− 1)!
)
= (detφ)n−1 .(2.8)
Hence, if ξ is another real (1, 1) form with det ξ 6= 0, then we can deduce
(2.9)
det(∗φ)
det(∗ξ) =
detφ
det ξ
.
The Christoffel symbols of ∇ are denoted by
Γγαβ := dz
γ(∇α∂β), α, β, γ ∈ {1, · · · , n, 1¯, · · · , n¯},
where we use the notation that dz i¯ = dz¯i with 1 ≤ i ≤ n. The non-zero components of the
Christoffel symbols of ∇ are
Γkij = g
kℓ¯∂igjℓ¯, Γ
k¯
i¯j¯ = Γ
k
ij, 1 ≤ i, j, k ≤ n.
We also use the notations
Tαβγ := dz
α(T (∂β , ∂γ)), Rαβγ
δ := dzδ(R(∂α, ∂β)∂γ), α, β, γ, δ ∈ {1, · · · , n, 1¯, · · · , n¯}.
Then one infers
T kij = Γ
k
ij − Γkji, Rij¯kp = −∂j¯Γpik, Rij¯kℓ¯ := Rij¯kpgpℓ¯.
The Chern-Ricci form is defined by
(2.10) Ric(ω) :=
√−1Rij¯ppdzi ∧ dz¯j = −
√−1∂∂¯ log det(gij¯).
3. Proof of the Main Theorem
In order to prove Theorem 1.1 we need reduce the equation (1.2) to a complex Monge-Ampe`re
type equation onM . For each Tˆ ∈ (0, T ), the definition of T yields that there is a smooth function
ϕ such that
Φ
Tˆ
+
√−1∂∂¯ϕ ∧ αn−2 + ℜ [√−1∂ϕ ∧ ∂¯(αn−2)] > 0,
with
Φ
Tˆ
:= ωn−10 − Tˆ (n− 1)
(
Ric(ω0) ∧ αn−2 −ℜ
(√−1∂ log ωn0
αn
∧ ∂¯(αn−2)
))
.
Let Ω be the volume form given by
(3.1) Ω = ωn0 e
ϕ
(n−1)Tˆ .
Then it follows from (2.10) that
ωn−10 − Tˆ (n− 1)
(
Ric(Ω) ∧ αn−2 −ℜ
(√−1∂ log Ω
αn
∧ ∂¯(αn−2)
))
> 0.
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The convexity of the space of Hermitian matrices (cf. (2.6)) yields that
ωˆn−1s := ω
n−1
0 − s(n− 1)
(
Ric(Ω) ∧ αn−2 −ℜ
(√−1∂ log Ω
αn
∧ ∂¯(αn−2)
))
> 0, ∀ s ∈ [0, Tˆ ].
Proposition 3.1. Let (M,ω0) be a closed Hermitian manifold with dimCM = n and ω0 a Her-
mitian metric. Then for s ∈ [0, Tˆ ] fixed, there exists a Gauduchon metric ω satisfying (1.2) if
and only if there exists a smooth function u ∈ C∞(M,R) satisfying
(3.2) log
detωn−1
e
ϕ
Tˆ detωn−10
− u = 0,
with
(3.3) ωn−1 := ωˆn−1s + s
(√−1∂∂¯u ∧ αn−2 + ℜ (√−1∂u ∧ ∂¯(αn−2))) > 0.
Proof. For the ‘if’ direction, we suppose that ω := ω(s) satisfying (1.2). We define u by
u = log
detωn−1
e
ϕ
Tˆ detωn−10
.
Then it follows from (2.10) and (3.1) that
(n− 1)Ric(ω)− (n− 1)Ric(Ω)
=− (n− 1)√−1∂∂¯ log ω
n
ω0
+
1
Tˆ
√−1∂∂¯ϕ
=−√−1∂∂¯ log detω
n−1
e
ϕ
Tˆ detωn−10
= −√−1∂∂¯u,
which yields that
ωn−1 :=ωn−10 − s(n− 1)
(
Ric(ω) ∧ αn−2 −ℜ
(√−1∂ log ωn
αn
∧ ∂¯(αn−2)
))
=ωn−10 − s(n− 1)
(
Ric(Ω) ∧ αn−2 −ℜ
(√−1∂ log Ω
αn
∧ ∂¯(αn−2)
))
+ s
√−1∂∂¯u ∧ αn−2 + sℜ (√−1∂u ∧ ∂¯(αn−2))
=ωˆn−1s + s
√−1∂∂¯u ∧ αn−2 + sℜ (√−1∂u ∧ ∂¯(αn−2)) ,
as desired.
For the ‘only if’ direction, if u satisfies (3.2)-(3.3), then a direct calculation, together with (2.10),
yields that ω satisfies (1.2). 
An immediate consequence of Proposition 3.1 is the uniqueness of solutions to the continuity
equation (1.2).
Corollary 3.2. Let (M,ω0) be a closed Hermitian manifold with dimCM = n and ω0 a Hermitian
metric. Then if ω′ and ω are two almost Hermitian metrics solving the continuity equation (1.2)
for the same s in [0, T ), then ω′ = ω.
Proof. For s = 0, there is nothing to prove. For s ∈ (0, T ), it suffices to prove the uniqueness of
solutions to the equation (3.2)-(3.3) by Proposition 3.1. We assume that both u and u′ are the
solutions to (3.2)-(3.3). We set θ := u′ − u. Then it follows from (3.2) that
log
det
(
ωn−1u + s
√−1∂∂¯θ ∧ αn−2 + sℜ (√−1∂θ ∧ ∂¯(αn−2)))
detωn−1u
= θ,
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where
ωn−1u := ωˆ
n−1
s + s
√−1∂∂¯u ∧ αn−2 + sℜ (√−1∂u ∧ ∂¯(αn−2)) .
Since at the point where θ attains its maximum (resp. minimum) one has
dθ = 0,
√−1∂∂¯θ ≤ 0 (resp. ≥ 0),
we can deduce that θ ≡ 0, as desired. 
Note that (3.2)-(3.3) is trivially solved when s = 0 by taking
u = log
detωn−10
e
ϕ
Tˆ detωn−10
.
Fix s ∈ (0, Tˆ ]. We define a new function ψ = su and a function G = log e
ϕ
Tˆ detωn−10
detαn−1 . Then the
equation (3.2)-(3.3) becomes
(3.4) log
detωn−1
detαn−1
=
ψ
s
+G,
with
(3.5) ωn−1 := ωˆn−1s +
(√−1∂∂¯ψ ∧ αn−2 + ℜ (√−1∂ψ ∧ ∂¯(αn−2))) > 0.
It follows from (2.4) and (2.9) that
log
detωn−1
detαn−1
= log
det
(
ωn−1
(n−1)!
)
det
(
αn−1
(n−1)!
) = log det
(
∗ ∗ ωn−1(n−1)!
)
det
(
∗ ∗ αn−1(n−1)!
)(3.6)
= log
det
(
∗ ωn−1(n−1)!
)
det
(
∗ αn−1(n−1)!
) = log det
(
∗ ωn−1(n−1)!
)
detα
.
Here and henceforth, ∗ is the Hodge star operator with respect to αn
n! .
Recall that s here is fixed. Then Theorem 1.1 follows from Propositin 3.1, (3.2), (3.3), (3.4), (3.5),
(3.6) and the following result.
Theorem 3.3. Let (M,ωh) be a closed almost Hermitian manifold with dimCM = n and ωh a
Hermitian metric. Then for G ∈ C∞(M,R) and λ > 0 a constant, there exists a unique solution
ϕ to the equation
(3.7) log
(
̟ + 1
n−1
[
(∆ϕ)α −√−1∂∂¯ϕ]+ Z(dϕ))n
αn
= λϕ+G,
where ̟ = 1(n−1)! ∗ ωn−1h , ∆ϕ = αji∂i∂jϕ,
ω˜ := ̟ +
1
n− 1
[
(∆ϕ)α −√−1∂∂¯ϕ]+ Z(dϕ) =: √−1g˜ijdzi ∧ dzj > 0,(3.8)
and
Z(dϕ) =
1
(n− 1)! ∗ ℜ
(√−1∂ϕ ∧ ∂¯(αn−2)) .(3.9)
Proof. For λ = 0, Equation (3.7) is solved by [35] (cf.[51]). Here we use the method modified
from [35] (cf.[9]).
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We use the method of continuity to solve (3.7). We study a family of equations for ϕ := ϕ(t) ∈
C2,γ(M,R) for some γ ∈ (0, 1) fixed
(3.10) log
(
̟ + 1
n−1
[
(∆ϕ)α−√−1∂∂¯ϕ]+ Z(dϕ))n
αn
= λϕ+ (1 − t)G0 + tG,
where G0 := log
̟n
αn
. We set
T :=
{
t ∈ [0, 1] : there existsϕ ∈ C2,γ(M,R) solves (3.10)
}
.
The definition of G0 yields that 0 ∈ T since we can take ϕ(0) = 0. It suffices to show that T is
both open and closed.
For the openness of T , we consider the map
Ψ : [0, 1] × C2,γ(M,R)→ Cγ(M,R),
(t, ϕ) 7→ log
(
̟ + 1
n−1
[
(∆ϕ)α−√−1∂∂¯ϕ]+ Z(dϕ))n
αn
− λϕ− (1− t)G0 − tG.
Assume t0 ∈ T , and that (3.10) has a corresponding solution ϕ0. Write
ω˜0 := ̟ +
1
n− 1
[
(∆ϕ0)α −
√−1∂∂¯ϕ0
]
+ Z(dϕ0) =:
√−1hijdzi ∧ dzj > 0.
The derivative of Ψ in the second variable at (t0, ϕ0) is the linear operator B : C
2,γ(M,R) →
Cγ(M,R) given by
B(u) = P (u)− λu,
where
(3.11) P (u) := Θj¯i∂j¯∂iu+ h
j¯i
(
Zp
ij¯
∂pu+ Z
p
ji¯
∂p¯u
)
.
with
Θj¯i =
1
n− 1
(
(trω˜0α)α
j¯i − hj¯i
)
.
Since (Θj¯i) > 0, both P and B are strictly elliptic operators.
We define an operator B0 by
B0 : C
2,γ(M,R)→ Cγ(M,R), B0(u) := ∆Θu− λu,
where ∆Θ is the Laplace-Beltrami operator of the Riemannian metric Θ. Since λ > 0, it follows
from [1, Theorem 4.18] that B0 is an isomorphism map.
Let us consider a family of strictly elliptic operators Bt := (1− t)B0 + tB for t ∈ [0, 1]. For each
u ∈ C2,γ(M,R), the Schauder theory (see for example [13]) yields that
(3.12) ‖u‖C2,γ (M,R) ≤ C
(
sup
M
|Bt(u)| + ‖Bt(u)‖Cγ (M,R)
)
for some uniform constant C > 0 independent of t. Since B0 is an isomorphism map, it follows
from (3.12) and [13, Thoerem 5.2] that Bt is isomorphism for each t ∈ [0, 1] and so is B, which,
together with the Inverse Function Theorem, yields that T is open.
For the closeness of T , we need a priori estimates on ϕ solving (3.10) independent of t.
A uniform bound
(3.13) sup
M
|ϕ| ≤ C
7
follows immediately from the maximum principle. Here and henceforth, C will denote a uniform
constant independent of t that may change from line to line.
We denote h := λϕ+ (1− t)G0 + tG.
For the second order estimate, we claim
(3.14) sup
M
|∂∂¯ϕ|α ≤ CK,
with K := 1 + supM |∂ϕ|2α.
We will deduce the estimate (3.14) by making use of [35] (cf.[34, 9]). The main difference is that
when we apply covariant derivative to both sides of (3.7), ∇ih is bounded by O(1+ |∂ϕ|α) rather
that O(1) and ∇j¯∇ih is bounded by O(λ1) rather than O(1), which are harmless in the following
arguments. For the sake of completeness, we include here a brief sketch of the proof from [9, 35]
motivated by [41].
We need some preliminaries. For each real (1, 1) form ξ, we define
Pα(ξ) :=
1
n− 1
(
(trαξ)α− ξ
)
=
1
(n − 1)! ∗ (ξ ∧ α
n−2).
A direct calculation yields that trαξ = trα (Pα(ξ)) and that
ξ = (trα (Pα(ξ)))α− (n− 1)Pα(ξ).
We set
χij =(trα̟)αij − (n− 1)̟ij ,
with Pα(χ) = ̟, and
Wij(dϕ) = (trαZ(dϕ))αij − (n− 1)Zij(dϕ) =:W pijϕp +W
p
ji
ϕp.
Note that
(3.15) Z(dϕ) := Pω(W (dϕ)) =
1
n− 1
(
(trωW (dϕ))ω −W (dϕ)
)
.
Then we set
gij = χij + ϕij +Wij(dϕ)(3.16)
with Pα(gij) = g˜ij .
In orthonormal coordinates for α at each given point, it follows that the component Zij is inde-
pendent of ϕi and uj, and that ∇iZii is independent of ϕi, ϕi, ϕii,∇iϕi (see [35]).
Moreover, ∇i∇iZii is independent of ∇iϕi,∇iϕi,∇i∇iϕi and ∇iϕii. For each index p, ∇iZpi is
independent of ∇iϕi. In what follows, we will use these properties directly and do not prove them
again.
Denote
(
B˜i
j
)
=
(
g˜iℓα
ℓj
)
which can be viewed as the endomorphism of T 1,0M . This endomor-
phism is Hermitian with respect to the Hermitian metric α. We define
F˜ (B˜) = log det B˜ = log(µ1 · · ·µn) =: f˜(µ1, · · · , µn),
where µ1, · · · , µn denote the eigenvalues of
(
B˜i
j
)
. Then (3.7) can be rewritten as
F˜ (B˜) = h.(3.17)
For f˜ and h, there holds
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(i) f˜ is defined on
Γn =
{
(x1, · · · , xn) ∈ Rn : xi > 0, 1 ≤ i ≤ n
}
.
(ii) f˜ is symmetric, smooth, concave and increasing, i.e., f˜i > 0 for 1 ≤ i ≤ n.
(iii) sup∂Γn f˜ ≤ infM h.
(iv) For each µ ∈ Γn, we get limt→∞ f˜(tµ) = supΓn f˜ =∞.
(v) h is bounded on M because of the uniform estimate supM |ϕ| ≤ C.
We also define
F (A) := F˜ (B˜) =: f(λ1, · · · , λn),
where (Ai
j) =
(
giℓα
ℓj
)
, which is also an endomorphism of T 1,0M with respect to the Hermitian
metric α, and let λ1, · · · , λn denote its eigenvalues. There exists a map
P : Rn −→ Rn, µk = 1
n− 1
∑
i 6=k
λi,(3.18)
induced by Pα above. Then we have
f(λ1, · · · , λn) = f˜ ◦ P (λ1, · · · , λn)
defined on Γ := P−1(Γn). Note that f satisfies the same conditions as f˜ . Then (3.17) can also be
rewritten as
(3.19) F (A) = h.
Since
f˜i =
1
µi
, 1 ≤ i ≤ n,(3.20)
we can get
fi =
1
n− 1
∑
k 6=i
1
µk
, 1 ≤ i ≤ n.(3.21)
A direct calculation shows that
(3.22) µj =
1
n− 1
∑
k 6=j
λk, λj =
n∑
k=1
µk − (n− 1)µj .
Suppose that λ1 ≥ λ2 ≥ · · · ≥ λn ∈ Γ. From the definition of P , (3.20) and (3.21), we have
0 < µ1 ≤ µ2 ≤ · · · ≤ µn,
f˜1 ≥ f˜2 ≥ · · · ≥ f˜n,
0 < f1 ≤ f2 ≤ · · · ≤ fn,
n∑
k=1
λkfk =
n∑
k=1
µkf˜k = n.(3.23)
where we also use the fact that
(
B˜i
j
)
is positive definite. For k ≥ 2, we have
0 <
f˜1
n− 1 ≤ fk ≤ f˜1.(3.24)
9
and
f˜k ≤ (n− 1)f1, k > 1.(3.25)
We have (see [34, 35])
Proposition 3.4. For each x ∈ M , choose orthonormal coordinates for α at x, with g defined
as in (3.16) is diagonal with eigenvalues (λ1, · · · , λn). Then there exist uniform constants R > 0
and κ ∈ (0, 1) such that if
|λ| ≥ R,
then for f(λ) = h, there holds two possibilities as follows.
(a) We have ∑
k
fk(λ)(χkk − λk) > κ
∑
k
fk(λ).(3.26)
(b) Or we have
fk(λ) > κ
n∑
i=1
fi(λ)(3.27)
for all k = 1, 2, · · · , n.
In addition, we have
(3.28) F(λ) :=
n∑
i=1
fi(λ) ≥ κ > 0.
We also need
Lemma 3.5 (Gerhardt [12]). If F (A) = f(λ1, · · · , λn) in terms of a symmetric funtion of the
eigenvalues, then at a diagonal matrix (Ai
j) with distinct eigenvalues we have
F ij =δijfi,(3.29)
F ij,rs =firδijδrs +
fi − fj
λi − λj (1− δij)δisδjr,(3.30)
where
F ij =
∂F
∂Aij
, F ij,rs =
∂2F
∂Aij∂Ars
.
We write F iq¯ := F ijαq¯j.
It suffices to prove
λ1 ≤ CK.
Indeed, since
n∑
i=1
λi =
n∑
i=1
µi > 0, if λ1 ≤ CK then so is |λk|, k = 2, · · · , n, which yields (3.14).
We consider the quantity
H(x) := log λ1(x) + ς(|∂ϕ|2g(x)) + ψ(ϕ(x)), ∀x ∈M,
where we set
ς(s) = −1
2
log
(
1− s
2K
)
, ψ(s) = D1e
−D2s,
with sufficiently large uniform constants D1,D2 > 0 to be determined later. A direct calculation
shows that
ς
(|∂u|2α) ∈ [0, 2 log 2]
10
and
1
4K
< ς ′ <
1
2K
, ς ′′ = 2(ς ′)2 > 0.
We assume that H attains its maximum at the interior point x0 ∈ M. It suffices to show that
there holds λ1 ≤ CK at x0 for some uniform constant C. In what follows we may assume that
λ1 ≫ K at the point x0 without loss of generality and hence (3.28) holds. In the followup, we
will calculate at the point x0 under the local coordinate (z1, · · · , zn) for which α is the identity
and (Ai
j) is diagonal with entries Ai
i = gi¯i = λi for 1 ≤ i ≤ n, unless otherwise indicated. Note
that (F ij¯) is also diagonal at the point x0 (see [9]).
Since λ1 may not be smooth at x0, we introduce a smooth function φ on M by (cf. [2, Lemma 5]
and [41, Proof of Theorem 3.1])
(3.31) H(x0) ≡ log φ(x) + ς(|∂ϕ|2α(x)) + ψ(ϕ(x)), ∀x ∈M.
Note that φ satisfies
(3.32) φ(x) ≥ λ1(x) ∀x ∈M, φ(x0) = λ1(x0).
We define a strictly elliptic operator L which is the same as (3.11) by
L(u) =F ij(A)αqj (∂i∂qu+Wiq¯(du))(3.33)
=F ij(A)αqj
(
∇i∇qu+W piq¯(∇pu) +W pqi¯(∇p¯u)
)
, ∀ u ∈ C2(M,R).
Applying the operator L defined in (3.33) to (3.31), one infers
0 =
1
λ1
L(φ)− 1
λ21
F i¯i|∇iφ|2 + ς ′L(|∂ϕ|2α) + ψ′L(ϕ) + ψ′′F i¯i|∇iϕ|2(3.34)
+ ς ′′F i¯i
∣∣∣∣∣∑
p
(
(∇i∇pϕ)(∇p¯ϕ) + (∇pϕ)(∇i∇p¯ϕ)
)∣∣∣∣∣
2
.
Differentiating (3.31) one can deduce
(3.35) 0 =
∇iφ
φ
+ ς ′ ((∇pϕ)(∇p¯∇iϕ+ (∇p¯ϕ)∇i∇pϕ) + ψ′(∇iϕ).
We have (see [9, Lemma 5.3])
Lemma 3.6. Let µ denote the multiplicity of the largest eigenvalue of (Ai
j) at x0, so that λ1 =
· · · = λµ > λµ+1 ≥ · · · ≥ λn. Then at x0, for each i with 1 ≤ i ≤ n, there hold
∇igkℓ¯ = (∇iφ)αkℓ¯, for 1 ≤ k, ℓ ≤ µ,(3.36)
∇i¯∇iφ ≥ ∇i¯∇ig11¯ +
∑
q>µ
∣∣∇igq1¯∣∣2 + ∣∣∇i¯gq1¯∣∣2
λ1 − λq .(3.37)
A direct calculation, together with the Ricci identity and the first Bianchi identity, yields that
(see for example [42])
∇ℓ¯∇k∇j¯∇iu =∇j¯∇i∇ℓ¯∇ku+Rkℓ¯ip∇j¯∇pu−Rij¯kp∇ℓ¯∇pu(3.38)
− T pki∇ℓ¯∇j¯∇pu− T qℓj∇k∇q¯∇iu− T pkiT qℓj∇q¯∇pu.
It follows from (3.16) and (3.38) that
F i¯i∇i¯∇ig11¯ =F i¯i∇i¯∇iχ11¯ + F i¯i∇i¯∇i
(
W p
11¯
∇pϕ+W q11¯∇q¯ϕ
)
(3.39)
+ F i¯i∇1¯∇1∇i¯∇iϕ− F i¯i
(
T pi1∇i¯∇1¯∇pϕ+ T qi1∇i∇q¯∇1ϕ
)
11
+ F i¯i
(
Ri¯i1
p∇1¯∇pϕ−R11¯ip∇i¯∇pϕ− T pi1T qi1∇q¯∇pϕ
)
.
Differentiating both sides of (3.19) by ∇ℓ¯ gives
(3.40) ∇ℓ¯∇kh = F ij¯,pq¯
(∇kgij¯) (∇ℓ¯gpq¯) + F ij¯(∇ℓ¯∇kχij¯ +∇ℓ¯∇k∇j¯∇iϕ+∇ℓ¯∇k(Wij¯(dϕ))).
Substituting (3.40) with k = ℓ = 1 into (3.39) yields
F i¯i∇i¯∇ig11¯(3.41)
=− F ij¯,pq¯ (∇1gij¯) (∇1¯gpq¯)
+ F i¯i (∇i¯∇iχ11¯ −∇1¯∇1χi¯i) + F i¯i (∇i¯∇i (W11¯(dϕ))−∇1¯∇1 (Wi¯i(dϕ)))
+∇1¯∇1h− F i¯i
(
T pi1∇i¯∇1¯∇pϕ+ T qi1∇i∇q¯∇1ϕ
)
+ F i¯i
(
Ri¯i1
p∇1¯∇pϕ−R11¯ip∇i¯∇pϕ− T pi1T qi1∇q¯∇pϕ
)
.
It follows from (3.16), (3.36) and Young’s inequality that
F i¯i
(
T pi1∇i¯∇1¯∇pϕ+ T qi1∇i∇q¯∇1ϕ
)
(3.42)
=2ℜ
(
F i¯iT qi1∇ig1q¯ − F i¯iT qi1
((
∇iW p1q¯
)
∇pϕ+W p1q¯∇i∇pϕ+∇i¯W p1q¯∇p¯ϕ+W p1q¯∇i∇p¯ϕ
))
≥2ℜ
(
F i¯iT 1i1∇ig11¯
)
+ 2ℜ
(
F i¯i
∑
q>µ
T qi1∇ig1q¯
)
− Cλ1F − C
∑
p
F i¯i|∇i∇pϕ|
≥ − CF i¯i|∇ig11¯| −
∑
q>µ
F i¯i
|∇ig1q¯|2
λ1 − λq −Cλ1F − C
∑
p
F i¯i|∇i∇pu|,
where we use the fact that λ1 ≫ K > 1 and that both |ϕij¯ | and λq (q > µ) can be controlled by
λ1. It follows from (3.15), (3.22), (3.21), (3.24), (3.25) that (see the argument in [35])
F i¯iWi¯i(∇g11¯)(3.43)
=F˜ i¯iZi¯i(∇g11¯)
=F˜ 11¯
∑
p>1
(
Zp
11¯
∇pg11¯ + Zp11¯∇p¯g11¯
)
+
∑
i>1
F˜ i¯iZi¯i(∇g11¯)
≤C
∑
p>1
F pp¯|∇pg11¯|+ CF 11¯
∑
q
|∇qg11¯|
=C
∑
p>1
F pp¯|∇pg11¯|+ CF 11¯|∇1g11¯|+ CF 11¯
∑
q>1
|∇qg11¯|
≤C
∑
p>1
F pp¯|∇pg11¯|+ CF 11¯|∇1g11¯|+ C
∑
q>1
F qq¯|∇qg11¯|
≤C
∑
p
F pp¯|∇pg11¯|,
(3.44) F i¯i∇i¯∇i(W11¯(dϕ)) ≥ −C
(
F i¯i
∑
p
|∇i∇pϕ|+ λ1F
)
12
and
(3.45) F i¯i∇1¯∇1(Wi¯i(dϕ)) ≤ C
(
F i¯i
(
|∇ig11¯|+
∑
p
|∇i∇pϕ|
)
+ λ1F
)
,
where we also use the fact that λ1 ≫ K > 1 and that |ϕij¯ | can be controlled by λ1. Note that
(3.44) and (3.45) can be found in [35] directly (cf. [51]).
Applying the operator L defined in (3.33) to φ, we can deduce from (3.28), (3.36), (3.37), (3.41),
(3.42), (3.43), (3.44) and (3.45) that
L(φ) =F i¯i (∇i¯∇iφ+Wi¯i(∇φ))(3.46)
≥F i¯i∇i¯∇ig11¯ + F i¯iWi¯i(∇g11¯)
+
∑
q>µ
F i¯i
|∇igq1¯|2 + |∇i¯gq1¯|2
λ1 − λq
≥− F ij¯,pq¯ (∇1gij¯) (∇1¯gpq¯)
+ 2ℜ
(
F i¯iT qi1∇ig1q¯
)
+
∑
q>µ
F i¯i
|∇igq1¯|2 + |∇i¯gq1¯|2
λ1 − λq
− CF i¯i
(
|∇ig11¯|+
∑
p
|∇i∇pϕ|
)
− Cλ1F
≥− F ij¯,pq¯ (∇1gij¯) (∇1¯gpq¯)
− CF i¯i
(
|∇ig11¯|+
∑
p
|∇i∇pϕ|
)
− Cλ1F .
Here we remind that ∇1∇1¯h = O(λ1) is absorbed into Cλ1F by (3.28).
From (3.34) and (3.46), one can infer that
0 ≥− 1
λ1
F ij¯,pq¯
(∇1gij¯) (∇1¯gpq¯)− 1λ21F i¯i|∇iφ|2(3.47)
+ ς ′L(|∂ϕ|2g) + ς ′′F i¯i
∣∣∣∣∣∑
p
(
(∇i∇pϕ)(∂p¯ϕ) + (∇pϕ)(∇i∇p¯ϕ)
)∣∣∣∣∣
2
+ ψ′L(ϕ) + ψ′′F i¯i|∇iϕ|2 − C
λ1
F i¯i
(
|∇ig11¯|+
∑
p
|∇i∇pϕ|
)
− CF .
On the other hand, we can still have (see [9, Lemma 5.2])
Lemma 3.7. There exists a uniform constant C > 0 such that
L(|∂ϕ|2α) =
∑
k
F i¯i
(|∇i∇kϕ|2 + |∇i∇k¯ϕ|2)+ 2ℜ
(∑
k
(∇kϕ) (∇k¯h)
)
(3.48)
+ F i¯i (∇kϕ)T pki(∇i∇p¯ϕ) + F i¯i (∇k¯ϕ)T pki(∇p∇i¯ϕ) +O(|∂u|2g)F
≥
∑
k
F i¯i
(|∇i∇kϕ|2 + (1− ε)|∇i∇k¯ϕ|2)
+ 2ℜ
(∑
k
(∇kϕ) (∇k¯h)
)
− Cε−1|∂ϕ|2αF ,
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where ε is an arbitrary constant with ε ∈ (0, 1/2].
Note that the term
2ℜ
(∑
k
(∇kϕ) (∇k¯h)
)
which is O(K) can be absorbed into Cε−1|∂ϕ|2αF with a larger uniform constant C by (3.28)
since we assume that K ≫ 1. Since ς ′ ≥ 1/(4K), it follows from (3.48) with ε = 1/3 and Young’s
inequality that
ς ′L(|∂ϕ|2α)−
C
λ1
F i¯i
∑
p
|∇i∇pϕ|(3.49)
≥ 1
6K
∑
k
F i¯i
(|∇i∇kϕ|2 + |∇i∇k¯ϕ|2)− CF ,
where we also use the fact that λ1 ≫ K > 1. Hence we can deduce from (3.47) and (3.49) that
0 ≥− 1
λ1
F ij¯,pq¯
(∇1gij¯) (∇1¯gpq¯)− 1λ21F i¯i|∇iφ|2(3.50)
+
1
6K
∑
k
F i¯i
(|∇i∇kϕ|2 + |∇i∇k¯ϕ|2)
+ ς ′′F i¯i
∣∣∣∣∣∑
p
(
(∇i∇pϕ)(∇p¯ϕ) + (∇pϕ)(∇i∇p¯ϕ)
)∣∣∣∣∣
2
+ ψ′L(ϕ) + ψ′′F i¯i|∇iϕ|2 − C
λ1
F i¯i|∇ig11¯| − CF .
From (3.36), we know that ∇iφ = ∇ig11¯. This, together with [35, Equation (3.7)], yields that
(3.50) is the same as [35, Equation (3.28)] essentially after changing ∇p∇pϕ and ∇ig11¯ into ∂i∂pϕ
and ∂ig11¯ respectively, and changing the coefficient of F into a larger uniform constant (only
replacing λ˜1,k in [35] with ∇kφ, φ in [35] by ς and F kk¯ukk¯ in [35] by L(ϕ)). After changing these
notations, we can repeat the argument in [35] word for word to get
(3.51) λ1 ≤ CK,
by replacing H˜k = 0 in [35] by (3.35) and replacing the paragraph between [35, Inequality
(3.53)](not containing) and [35, Inequality (3.54)](containing) by
ψ′L(ϕ) = ψ′F kk¯(gkk¯ − χkk¯).
For the first order estimate, we need prove
(3.52) sup
M
|∂u|g ≤ C.
We use the blowup argument in [34, 40] originated from [6]. Since h still uniformly bounded, the
argument in [34, 42, 9] still works without any modification. We omit the details here.
Given (3.13), (3.14) and (3.52), C2,γ-estimate for some 0 < γ < 1 follows from the Evans-Krylov
theory [7, 19, 44] (see also [37]). Differentiating the equations and using the Schauder theory (see
for example [13]), we then deduce uniform a priori Ck estimates for all k ≥ 0.
Uniqueness follows from the maximum principle as in the arguments in Corollary 3.2.

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